In this paper, we investigate the fixed points of multi-valued contractions constructed by manageable functions in order to extend the theory of multi-valued contractions and introduce a new fixed point result in the set of multi-valued mappings which generalize Liu's result as a simple corollary of our main result.
ABOUT THE AUTHORS
Study of multi valued mappings and their applications in order to solve a system of integral equations, fractal problems, dynamic and complex systems which have inner interactions and many others applications, motivated us to go through these sort of researches. In this direction, variety of multi valued contractions and how they are constructed, have been an interesting issue in all literatures.
The manageable concept, was investigated by Du and Khojasteh in 2013 in order to open a new approach to study and unify the multi-valued contractions. As their consequences show, they weren't capable of unifying some multi valued contractions, although the results were new and interesting.
In this paper, we investigate the fixed points of multi-valued contractions constructed by manageable functions in order to promote their works. As a result, at the meanwhile, we introduce a new fixed point result in the set of multi-valued contractions which generalize Liu's result as a corollary of our main result.
PUBLIC INTEREST STATEMENT
Fixed point theory is one of theory to study the nonlinear phenomena. The theory itself is a beautiful mixture of analysis, topology, and geometry. Banach in 1922 proved the existence of a fixed point for a contraction map. Nadler in 1969 generalized Banach contraction principle in the set of multi-valued mappings. Researchers are studying the multi-valued mappings in order to solve a system of integral equations, fractal problems, dynamic and complex systems which have a broad set of applications. Due to this, we study the variety of multi-valued contractions and how they are constructed. In fact, we investigate the fixed points of multi-valued contractions constructed by manageable functions in order to extend the theory of multi-valued contractions and introduce a new fixed point result in the set of multi-valued mappings.
Du and introduced the notion of manageable function to indicated that many known results, in the set of multi valued contractions, can be deduce of some local constraints related to manageable functions, but whereas the well-known results such as: Nadler (1969) and Mizuguchi and Takahashi's (1989) fixed point theorems and which existence the fixed points are guaranteed by some local constrains, their investigation was related to find an approximate fixed point under some local constraints. In this work, we will try to find a clear answers for respondents via modifying and generalizing Du and Khojasteh's result. Our results also generalize Hussein, Ahmad, and Azam (2014) and Sintunavarat and Kumam (2011) 
( 2 ) For any bounded sequence {t n } ⊂ (0, ∞) and any nonincreasing sequence {s n } ⊂ (0, ∞), it holds
We denote the set of all manageable functions by M an(ℝ). If (t, s) ≥ 0 for all (t, s) ∈ Ω and there exist x 0 ∈ X and x 1 ∈ Tx 0 such that (x 0 , x 1 ) ≥ 1, then the following statements hold.
(a) There exists a Cauchy sequence {w n } n∈ℕ in X such that
that is T has the approximate fixed point property on X.
In recent years, many fixed point generalizations have been introduced in many aspects by many authors (see Abbas & Khojasteh, 2014, in press; Amini-Harandi, 2010; Berinde & Păcurar, 2013; Daffer & Kaneko, 1995; Du et al., 2014; Du & Khojasteh, 2014; Khojasteh, Abbas, & Costache, 2014; Khojasteh & Rakočević, 2012; Khojasteh & Razani, 2013; Moradi & Khojasteh, 2011; Nadler, 1969 for more details). One of current known results in such direction is due to Liu et al. (2010) which is asserted as follows and continued by many authors such as Ćirić (2009), Feng and Liu (2006) and Klim and Wardowski (2007) . Liu et al., 2010, Theorem) Let T be a multi-valued mapping from a complete metric space (X, d) into B(X) such for each x ∈ X there exists y ∈ Tx satisfying
(a 1 ) for each x 0 ∈ X there exists an orbit {x n } of T and z ∈ X such that lim n→∞ x n = z; (a 2 ) z is a fixed point of T in X if and only if the function f is T-orbitally lower semi-continuous at z.
where B(X) denote the classes of all non empty, closed and bounded subsets and (X) the family of all nonempty, closed subsets of X. Moreover, a point x ∈ X is called a fixed point of T if x ∈ Tx.
Another aim in this work is showing that Theorem 3.2 is only a simple corollary of a new generalized Mizoguchi-Takahashi's fixed point result which is constructed by manageable functions.
Main result
The following definitions play the crucial rule in the paper:
Definition 2.2 Let (X, d) be a metric space and let f :X → X be a mapping. We say that T has a f fixed point in X, if there exits z ∈ X such that fz ∈ Tz. Definition 2.3 Let X, d be a metric space, let {x n } ⊆ X be a sequence, let :X × X → ℝ be a function and let T:X →  (X) be a multivalued mapping. We will say that {x n } is an Picard sequence of (T, ) if, for all n ∈ ℕ, Let consider the following property.
Definition 2.4 Let X, d be a metric space and let :X × X → ℝ and f :X → X be two functions. We will say that X, d is f -regular if it satisfies the following property:
If (t, s) ≥ 0 for all (t, s) ∈ Ω and there exist x 0 ∈ X and x 1 ∈ Tx 0 such that (x 0 , x 1 ) ≥ 1, then the following statements hold.
(a) There exists a Cauchy sequence {x n } n∈ℕ in X such that
that is T has the f-approximate fixed point property on X.
(c) Either T has a f-fixed point or if T is -right-continuous the sequence {x n } converges to the common fixed point of T and f.
(d) Either T has a f-fixed point or if the property () is satisfied then the sequence {x n } converges to the common fixed point of T and f.
(e) Either T has a f-fixed point or if (X, d) is f -regular, then the sequence {x n } converges to the common fixed point of T and f.
Remark 2.1
(1) Notice that, since the set Ω is smaller than in Theorem 1.1, then the contractivity condition " ≥ 0 in Ω" is weaker.
(2) We point out that the set Ω could be empty but, in this case, we will prove that {x 0 , x 1 } contains a fixed point of T.
Proof First of all, we prove the following two claims.
Claim 1.
If there exists x ∈ X such that x = fx ∈ Tx and (x, x) ≥ 1, then conclusions (a) and (b) hold, and x is a common fixed point of T and f verifying (x, x) ≥ 1. It follows by taking x n = x for all n ∈ ℕ.
Claim 2. If there exist x, y ∈ X such that y = fy ∈ Tx ∩ Ty and (x, y) ≥ 1, then conclusions (a) and (b) hold, and y is a fixed point of T verifying (y, y) ≥ 1. In this case, consider the sequence {x n } n∈ℕ in X defined by x 1 = x and x n = y for all n ≥ 2. As T is -admissible, (x, y) ≥ 1 and fy = y ∈ Ty, we obtain (y, y) ≥ 1. Then Claim 1 is applicable to y.
Let x 0 ∈ X and x 1 ∈ Tx 0 be the points (guaranteed by hypothesis) such that (x 0 , x 1 ) ≥ 1.
• If x 1 = x 0 , then x 0 ∈ Tx 0 , and it follows from Claim 1 that conclusions (a) and (b) hold, and x 0 is a fixed point of T verifying (x 0 , x 0 ) ≥ 1.
• If x 1 ∈ Tx 1 , then the proof is finished by Claim 2 using x = x 0 and y = x 1 .
In the previous cases, Ω could be empty (but the proof is finished). Next, assume that x 1 ≠ fx 0 and fx 1 ∉ Tx 1 . Since Tx 1 ∈ (X), then we deduce that Since (x 0 , x 1 ) ≥ 1, it follows that which means that Ω is not empty. In this case, let define :ℝ × ℝ → ℝ by By ( 1 ) and the fact that t > 0 and s > 0 for all (t, s) ∈ Ω, we know that
Since ∈Man(ℝ) and (t, s) ≥ 0 for all (t, s) ∈ Ω, we have that
By (21) and (8) Since T is -admissible, (x 0 , x 1 ) ≥ 1 and x 2 ∈ Tx 1 , we obtain (x 1 , x 2 ) ≥ 1.
• If x 2 = x 1 , then Claim 1 guarantees that conclusions (a) and (b) hold, and x 1 is a fixed point of T verifying (x 1 , x 1 ) ≥ 1.
• If fx 2 ∈ Tx 2 , then the proof is finished by Claim 2 using x = x 1 and y = x 2 .
On the contrary, assume that x 2 ≠ fx 1 and fx 2 ∉ Tx 2 . Therefore d(fx 1 , x 2 ) > 0 and d(fx 2 , Tx 2 ) > 0. By taking and taking into account that there exists x 3 ∈ Tx 2 such that Since T is -admissible, (x 1 , x 2 ) ≥ 1 and x 3 ∈ Tx 2 , we obtain (x 2 , x 3 ) ≥ 1. The cases x 3 = fx 2 or fx 3 ∈ Tx 3 immediately finish the proof by using Claims 1 or 2. On the contrary, we continue assuming that d(fx 2 , x 3 ) > 0 and d(fx 3 , Tx 3 ) > 0.
By repeating the previous process again and again, we construct recursively a sequence {x n } such that x n+1 ∈ Tx n and (x n−1 , x n ) ≥ 1. It is possible that we can find n 0 ∈ ℕ such that x n 0 +1 = fx n 0 or fx n 0 +1 ∈ Tx n 0 +1 . In these cases, Claims 1 and 2 finish the proof, and we conclude that T has a fixed
point. On the contrary case, if this process never ends, we can consider a sequence {x n } n∈ℕ in X satisfying, for each n ∈ ℕ,
It follows that
By (9), we have Hence, for each n ∈ ℕ, by combining (10) and (11), we get which means that the sequence {d(fx n−1 , x n )} n∈ℕ is strictly decreasing in (0, ∞). So
By (11), we have which means that { (x n−1 , x n ) d(fx n , Tx n )} n∈ℕ is a bounded sequence. By ( 2 ), we have that Now, we claim = 0. To prove it, suppose that > 0. Then, by (13) and taking limit superior in (12), we get which is a contradiction. Hence we deduce that
To complete the proof of (a), it is sufficient to show that {x n } n∈ℕ is a Cauchy sequence in X. For each n ∈ ℕ, let Then n ∈ (0, 1) for all n ∈ ℕ. By (12), we obtain From (13), we have lim sup n→∞ n < 1, so there exists c ∈ [0, 1) and n 0 ∈ ℕ, such that (10)
(16) n ≤ c for all n ∈ ℕ with n ≥ n 0 .
For any n ≥ n 0 , since n ∈ (0, 1) for all n ∈ ℕ and c ∈ [0, 1), taking into account (15) and (16) conclude that By (5) and (17), we have
For m, n ∈ ℕ with m > n ≥ n 0 , we have from the last inequality that Since c ∈ [0, 1), lim n→∞ n = 0 and, therefore, As a consequence, {fx n } is a Cauchy sequence in X. Let w n = x n−1 for all n ∈ ℕ. Then {w n } n∈ℕ is the desired Cauchy sequence in (a).
To see (b), since x n ∈ Tx n−1 for each n ∈ ℕ, we have
Combining (14) and (18) yields To see (c), since {fx n } is a Cauchy sequence in the complete metric space X, d , there exists ∈ X such that {fx n } → . As T is -right-continuous, we deduce that {Tfx n }  ⟶ T . In particular, fx n+1 ∈ f (Tx n ) ⊆ T(fx n ) and so d(fx n+1 , T ) ≤ (Tfx n , T ) for all n ∈ ℕ, we conclude that ∈ T = T , so is a fixed point of T. Also by (5) It means that = f ∈ T .
To see (d), since {fx n } is a Cauchy sequence in the complete space X, d , there exists ∈ X such that {fx n } → . By Theorem 2.2, {fx n } is a Picard sequence of (T, ). By property () using { k = 1∕k > 0} k∈ℕ , there exists a subsequence {fx n(k) } k∈ℕ of {fx n } such that {d(fx n(k) , T )} → 0. As {fx n } converges to , then {fx n(k) } k∈ℕ also converges to , so ∈ T = T and is a fixed point of T and similar argument given in (c) shows that = f ∈ T .
To see (e), let Ω � be the subset of 0, ∞ × 0, ∞ given by (19). Notice that Ω ⊆ Ω � , where Ω is given in Theorem 2.2. Therefore, the condition " (t, s) ≥ 0 for all (t, s) ∈ Ω � " implies that " (t, s) ≥ 0 for all (t, s) ∈ Ω". Hence, Theorem 2.2 is applicable, and its proof can be repeated here point by point.
Notice that, if we can apply Claim 1 or Claim 2, the considered sequence {fx n } n≥2 is constant, and its limit is a fixed point of T. In this case, the proof is finished. Suppose that the process to consider the sequence {fx n } is not finite. In such a case, we have proved that Ω is not empty (so Ω � is not empty), and the sequence {fx n } satisfies, for all n ∈ ℕ, ://dx.doi.org/10.1080/23311835.2016.1276818 where is now defined replacing Ω by Ω � .
Since {x n } is a Cauchy sequence in the complete space X, d , there exists ∈ X such that {fx n } → . As X, d is f -regular, we deduce that Consider the set S = {n ∈ ℕ:fx n = }. We distinguish two cases.
Case 1. S is not finite. In this case, x n−1 ∈ Tx n = T for all n ∈ S so fx n−1 ∈ fTx n ⊂ Tfx n , that is, {fx n } contains a subsequence {fx n(k) } k∈ℕ such that fx n(k) ∈ T for all k ∈ ℕ. As {fx n } converges to , then {fx n(k) } k∈ℕ also converges to , so ∈ T = T and is a fixed point of T and similar argument on f also yields that = f . Case 2. S is finite. In this case, there exists n 0 ∈ ℕ such that fx n ≠ for all n ≥ n 0 . We are also going to show that ∈ T reasoning by contradiction. Assume that
In particular, for all n ≥ n 0 , Letting n → ∞, we deduce that d(f , T ) = 0, which contradicts the fact that d(f , T ) > 0. As a consequence, necessarily f ∈ T . Also by (5)
This completes the proof. ✷
The following corollary is a clear answer to generalize Du and Khoasteh's Theorem:
(a) There exists a Cauchy sequence {x n } n∈ℕ in X such that Proof Given f as identity and apply Theorem 2.2, desired result is obtained. ✷
Generalization of a known result
In this section, we introduce second main result which generalized the recent result by Liu et al. (2010) .
Definition 3.1 A function :ℝ × ℝ → ℝ is called strong manageable if the following conditions hold:
For any sequence {t n } ⊂ (0, ∞) and any sequence {s n } ⊂ (0, ∞) which lim sup
We denote the set of all manageable functions by Ŝ 2 Man(ℝ). Then T has a fixed point.
Proof Let x 0 ∈ X and x 1 ∈ Tx 0 . Then we have
• If x 1 = x 0 , then x 0 ∈ Tx 0 , and x 0 is a fixed point of T.
• If x 1 ∈ Tx 1 , then the proof is finished.
Next, assume that x 1 ≠ x 0 and x 1 ∉ Tx 1 . Since Tx 1 ∈ (X), then we deduce that we have
By ( 1), we know that Since ∈Man(ℝ) and (t, s) ≥ 0 for all t, s > 0, we have Taking and so (note that 1 > 0) there exists x 2 ∈ Tx 1 such that x 2 ≠ x 1 such that By the above argument and taking there exists x 3 ∈ Tx 2 such that x 3 ≠ x 2 and Thus, if x k ∈ X is known then by taking there exists x k+1 ∈ Tx k such that Hence by induction, we can establish a sequences {x n } in X satisfying for each n ∈ ℕ,
and By (23), we have (24) and (25), we get Therefore, the sequence {d(x n , x n+1 )} is non-increasing and bounded below so is converges to ≥ 0 and by ( 2 ), we have Now, we claim = 0. Suppose > 0. Then, by (27) and taking limsup from the both sides of (26), we get a contradiction. Hence we prove To complete the proof it suffices to show that {x n } n∈ℕ is a Cauchy sequence in X. For each n ∈ ℕ, let Then n ∈ (0, 1) for all n ∈ ℕ. By (26), we obtain From (27), we have lim sup n→∞ n < 1, so there exists c ∈ [0, 1) and n 0 ∈ ℕ, such that For any n ≥ n 0 , since n ∈ (0, 1) for all n ∈ ℕ and c ∈ [0, 1), taking into account (28) and (29) 
For m, n ∈ with m > n ≥ n 0 , we have from the last inequality that Hence So {x n } is a Cauchy sequence in X and converges to x * ∈ X. If (28) (d(x n , x n+1 )) < n (d(x n−1 , x n )) for all n ∈ ℕ (29)
n ≤ c for all n ∈ ℕ with n ≥ n 0 . 
